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Abstract 

In this article we introduce the notion of Polyhedral Kdhler mani- 
folds, even dimensional polyhedral manifolds with unitary holonomy. 
We concentrate on the 4-dimensional case, prove that such manifolds 
are smooth complex surfaces, and classify the singularities of the met- 
ric. The singularities form a divisor and the residues of the flat connec- 
tion on the complement of the divisor give us a system of cohomolog- 
ical equations. Parabolic version of Kobayshi-Hitchin correspondence 
of T. Mochizuki permits us to characterize polyhedral Kahler metrics 
of non-negative curvature on CP^ with singularities at complex line 
arrangements. 
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1 Introduction and results 

First, we recall the notion of a polyhedral metric^ a polyhedral manifold, and 
give some basic facts about them. Consider a piecewise linear manifold 
with a fixed simplicial decomposition. Let be the simplices of highest 
dimension of this decomposition. Choose a fiat metric on every in such 
a way that every two simplices that have a common face are glued by an 
isometry. This gives a metric on ikf^, which is called polyhedral, and M'^ is 
called a polyhedral manifold. 

For every point a; of a polyhedral manifold M'^ we canonically associate 
its tangent cone, i.e., a cone with polyhedral metric such that a neighborhood 
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of its origin is isometric to a neighborhood of x. At the non-singular points 
of M'^ the tangent cone is the Euchdean space W^. A polyhedral metric has 
no singularities at faces of codimension 1, but may have singularities at faces 
of codimension 2. The tangent cone of the points in the interior of such faces 
is isometric to the direct product of a 2-cone and the flat space R'^^^. The 
angle of the 2-cone is called the conical angle at the face. 

The singular locus of a polyhedral metric is naturally stratified. A point 
of M*^ is called a metric singularity of codimension at least k if its tangent 
cone is not isometric to the direct product of R'^"'^"'"^ and a (A; — l)-dimensional 
polyhedral cone. The set of all metric singularities of codimension at least k 
is denoted by Mf~''. 

The complement to the singular locus of the metric is connected and we 
can consider the holonomy of the metric on it. This gives us a representation 
7ri(M°' \ Mg~^) — > SO{d) (we will consider only orientable manifolds). For a 
generic choice of a polyhedral metric this representation has an everywhere 
dense image in SO{d). 

In this work we study even dimensional polyhedral manifolds M^'^ whose 
holonomy group is contained in a subgroup of S0{2n) conjugate to U{n). 
On the complement to the singularities of the metric these manifolds have a 
complex structure J parallel with respect to the flat metric and compatible 
with it. In addition to the unitarity of the holonomy we impose one condition. 
For any face F of codimension 2 consider a simplex A^" that contains F in 
its border. The parallel complex structure J defined in the interior of A^" 
naturally extends to the whole A^" and we say that F has a holomorphic 
direction if F is a piece of a holomorphic hyperplane with respect to J. 

Definition 1.1 A polyhedral manifold M^" is called a Polyhedral Kdhler 
manifold {PK manifold) if the holonomy of its metric belongs to a subgroup 
of S0{2n) conjugate to U (n) and every codimension 2 face with conical angle 
2A;7r, k>2 has a holomorphic direction. 

Remcirk 1.2 Codimension 2 faces with conical angle different form 2/c7r au- 
tomatically have complex direction (c/. section 3) so we don't need to impose 
this condition on them. If we don't impose the condition on the faces with 
conical angle 2A;7r, /c > 2 we obtain Thurston's (X, G')-cone-manifolds mod- 
eled on X = with G the group of unitary isometrics of C" [Th] . 

Remark 1.3 In this work simplicial decompositions are used only to define 
the class of PK manifolds and play a secondary role. We will mostly think 
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about PK manifolds as spaces with a specific metric, and will not distinguish 
manifolds that are isometric but have different simplicial decompositions. 

A 2-dimensional oriented polyhedral surface is automatically Kahler (since 
SO{2) = U{1)) and complete classification of such structures is given in [Tr] 
(we recall this classification in Section 2). In the rest of this work we deal 
mostly with 4-dimensional polyhedral Kahler manifolds. In Section 2 several 
elementary examples of such manifolds are given. 

A polyhedral metric is called non-negatively curved if the conical angle 
at every singular face of codimension 2 is smaller than 2tt. The original 
motivation for our study of PK metrics is due to the following remark of 
Anton Petrunin. The holonomy of a non-negatively curved polyhedral CP" 
preserves a syrnplectic form (this is a partial case of a vanishing theorem 
proved in [Ch]). This means that a non-negatively curved CP" is PK, we 
discuss this subject in Section 2. 

Known examples. An explicit example of a non-negatively curved poly- 
hedral CP^ can be provided by Kiihnel's 9 vertices triangulation [BK]. This 
polyhedral CP^ can be obtained as a finite isometric quotient of a flat com- 
plex 2-torus, and the holonomy of the metric on CP^ is flnite. In general for 
any n there exist a series of polyhedral metrics on CP" that are obtained as 
quotients of complex tori ([KTM]). 

Couwenberg, Heckman, and Looijenga [CML] study geometric structures 
that are more general than PK metrics. They obtain constant holomorphic 
curvature metrics on CP", having as singular locus complex reflection hyper- 
plane arrangements. Their approach is different, in particular from the very 
beginning they start with a holomorphic manifold. It should be possible to 
prove that in the case when curvature is zero their metrics are PK. 

Acknowledgments. This article contains a revised part of my PhD 
written at Ecole Polythechnique under supervision of Maxim Kontsevich 
and defended in 2005. I am very indebted to Maxim for his insight, in- 
spiration, guidance, and help during my PhD, many of his ideas are con- 
tained in this work. The remark of Anton Petrunin started this research, 
Misha Gromov gave me the flrst example of a PK metric on CP^, discussion 
with Dima Zvonkine and Christophe Margerin helped to go on and explana- 
tion of Takuro Mochizuki of some of his result permitted me to finish this 
work. I would also like to thank Eduard Looijenga, Nikita Markarian, Carlos 
Simpson, Misha Verbitski, and Jean Yves Wclschinger. Without discussions, 
comments and encouragement of all these people this article would not be 
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written. Finally I would like to thank members of the geometry group at 
Imperial for the excellent environment. This work is supported by EPSRC 
grant EP/E044859/1. 

1.1 Local properties of PK metrics 

A PK manifold has a natural complex structure defined outside the singular 
locus, it is constant in the local flat coordinates. We will prove that for a 
4-dimensional PK manifold this complex structure can be extended to 
the whole manifold. 

Definition 1.4 Let M'^ be a PK manifold. Holomorphic functions on 
are defined as continuous functions on that are holomorphic on the com- 
plement to the singularities M'^ \ M^. 

A holomorphic chart in is an open subset U with an injective map 
V = {f\9) '■ U ^ with / and g holomorphic as above and such that 
V9(Mf n U) is an analytic subset of (p{U) C C^. 

The following theorem justifies this definition by proving that holomor- 
phic functions and holomorphic charts on define together a genuine com- 
plex structure on M^. 

Theorem 1.5 Every point of a 4-dimensional PK manifold is contained in 
a holomorphic chart. Holomorphic charts form together a holomorphic atlas 
on and induce on it a structure of a smooth complex surface. The singular 
set is a complex curve for the defined holomorphic structure. 

Remark 1.6 We don't consider any intermediate smooth structure on 
in order to define a complex structure on it. At the same time, it is known 
that PL manifolds of dimension up to 6 have a canonical smooth structure. 

The main step in Theorem 11.51 is the construction of holomorphic charts 
for the singularities of the PK metric. A neighborhood of every singularity 
embeds isometrically into its tangent cone, and it is possible to introduce 
on the tangent cone the structure of a single holomorphic chart. We call 
these cones polyhedral Kdhler cones, and denote by C%. All PK cones have 
a natural holomorphic Euler vector field e {cf. Section 3.1) that acts by 
dilatations of the metric, and this field is crucial for us. 
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Theorem 1.7 Let Cj^ be a 4- dimensional polyhedral Kdhler cone. There 
exists a homeomorphism ip : Cj^ — > holomorphic outside the singularities 
of the cone and satisfying the following property: The Euler field e written 
in coordinates (2;, w) of is given by 

Id Id 

a oz (3 ow 

where a and (3 are positive real numbers. The image of the singular locus of 
under the map (p is given by a union of curves ciz" = C2W^. 

The singularity is called irrational if ^ G M \ Q. In this case its tangent 
cone is isometric to the direct product of two 2-cones Ci x C2 with conical 
angles 27ra and 27r/3. 

The singularity is called rational of type {p,q,a), p,q e N if its Euler 
field is equal to e = f-^^ + coordinates {z,w). Here p and q are 

relatively prime, p < q and a is a positive real number. Sometimes, when the 
choice of a is not important, we may also say that the singularity is of type 
(p, q). Since e acts by dilatation of the metric, it preserves the singular locus 
of the metric. Thus, in the neighborhood of x any irreducible component of 
the singular locus is a curve given by one of the equations: cz"^ = uf, c 7^ 0; 
z = 0; or w = 0. All these curves are flat with respect to the induced PK 
metric. Each curve cz*^ = has a conical point at the origin with the same 
angle 2TTa, the line z — has conical angle ^a, and the line w — has 
conical angle —a. 

The next theorem gives a description of the set S(p, q, a) of equivalence 
classes of singularities of type {p,q,a). There is a slight difference between 
the cases {1 = p = q), {1 = p < q), {1 < p < q). The triple (p, q, a) does not 
determine the singularity uniquely, the singularities of a given type form an 
infinite-dimensional space. 

Theorem 1.8 On a 2-sphere, consider the set of metrics (up to isometry) of 
curvature 4, with area and having an arbitrary number of conical points. 
Moreover if p > 1 and q > 1 we mark two conical points, while if p = 1, 
q > 1 we mark one conical point. This set of metrics on the sphere is in 
natural 1-to-l correspondence with the set S(p, q, a). 

Consider a {p,q,a) singularity, let (27r/3i, 27r/3„) be the conical angles 
of the PK metric at the singular branches Ckz'^ = w^, {ck 7^ 0). Let 27: f3z be 
the angle at 2; = and 2ttPw the angle at w — 0. 
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Theorem 1.9 The following relation holds: 

Theorems 11.51 - 11.91 are proven in Section 3. 

1.2 Flat connection and topological relations 

By Theorem 11.51 every 4-dimensional PK manifold is a complex surface and 
the singular locus of the PK metric forms a complex curve on it. Further on 
will denote the surface by S and the complex curve by F. 

The PK metric on S defines a flat meromorphic connection on the tangent 
bundle of 5* with first order poles at F. In Section 4 we study this connection, 
especially in the neighborhood of singularities of complex codimension 2. We 
give a list of conditions that imply that a connection on the tangent bundle to 
a surface is a connection of a PK metric (Theorem 14.131) . Using the residues 
of the connection we write down a system of topological relations on the pair 
(5*, F). This is done in Section 5. 

Let us fix some notations. Irreducible components of F will be denoted 
by Fj. For every component Fj we denote by 271 {3 j the conical angle at Fj, 
i.e., the angle of a 2-cone orthogonal to any nonsingular point of Fj. The 
singularities of F that are not normal crossings are denoted by Xi and their 
type is denoted by (pj, gj, aj). 

Definition 1.10 For any surface S a collection of divisors Fj with positive 
weights (3j is called a weighted arrangements. In the case when there exists 
a PK metric on S with singularities at Fj of angles 27r/5j we call (Fj, (3j) the 
weighted arrangement of the PK metric or the PK arrangement. Sometimes 
we will mean by weighted arrangement the whole data (Fj, /3j; g^, a^). 

Define two numbers related to the behavior of Fj in the neighborhood of 
Xi. Denote by dij the number of branches (local irreducible components) of 
Fj at Xi. Additionally let dij be the number of branches, except counting 
branches 2 = and w = with weights ^ and K Denote by Sj^, j ^ k, 
the number of intersections of curves Fj and F^ that represent the normal 
crossing singularity and define Bjj by 

Bjj = -^j ■ + ^Piqiidijf, 



7 



where Tj ■ Tj is the self-intersection number of Tj. 

Theorem 1.11 Any weighted arrangement {Tj, Pj; Xi,pi, qi, a^) of aPK met- 
ric satisfies the following relations: 

Vj J2 ^^^^(^^ - 1) = -2x(r,) - Ks ■ r, - (p. + qi) - 24) (1) 

k i 

- c,{TS) = Ks = J2{f3, - l)[r,] e H,{S, R) (2) 
j 

Moreover in the case when for every i pi = q^ = 1 we have the following 
expression for the second Chern class: 

c,{TS) = -1)^ + 5^ Ib,,{(3, - 1){(3, - 1) (3) 

Here Ks is the canonical class of S and xi^j) is the Euler characteristic 
of the normalization of Tj. 

These relations have the following nature. Relation (1) is a consequence 
of the Gauss-Bonnet formula applied to the curve Tj. For every Tj the sum of 
the defects of its conical points is equal to its Euler characteristic. Relations 
(2) and (3) express the Chern classes of TS in terms of the residues of the 
fiat connection on TS corresponding to the PK metric [Oh]. 

Construction of weighted arrangements satisfying Equations 11.111 (1-3) 
is a problem of independent interest. It can lead to combinatorial questions 
of the following type: 

Problem. Classify arrangements of 3n lines on CP^ such that every line 
intersect other lines exactly at n + 1 points. 

It is easy to see that such line arrangements with weights f3j = 
satisfy Equations 11.111 (1-3). This problem appeared previously in [Hir] and 
the list of two infinite series and several exceptional arrangements satisfying 
these conditions was given (all these arrangements are complex reflection 
arrangements). Additional combinatorial questions (about simplicial and 
limit PK arrangements with a cusp) are formulated in Section 5. 

1.3 Reconstruction of non- negatively curved PK met- 
rics from weighted arrangements 

One of the main results of this paper is the following theorem. 
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Theorem 1.12 Consider a weighted arrangements of lines {Lj,j3j) in CP^ 
satisfying the following conditions 

- 1) = -3, < < 1, E ^^^ (Z^^- - 1) > -2 (4) 

j i 

Then the following inequality holds: 

5^(a.-lf-5^i(l-/3,)^S,,-^<0 (5) 

k j 

Moreover, if the equality holds then there exists a PK metric on CP^ 
with conical angles 2TTj3j at Lj (i.e., {Lj,j3j) is a PK arrangement.) 

We prove this theorem in Section 7 after recalhng (Section 6) the tech- 
nique of parabohc bundles. To every arrangement that satisfies condition of 
the theorem we associate a parabolic structure on the pull-back of the tangent 
bundle of CP^ to the blow up of CP^ at the multiple points of the arrange- 
ment. We prove that constructed parabolic bundle is stable and calculate its 
parabolic Chern characters. Inequality ([5]) is a consequence of Bogomolov- 
Gieseker inequality [M2] (see also [Li]). The existence of a PK metric in 
the case of equality follows form the parabolic version of Kobayashi-Hitchin 
correspondence from [M2] and additional statements about logarithmic con- 
nection the we prove in Section 4. 

2 Examples of polyhedral Kahler manifolds 

In this section we recall the classification of PK structures on complex curves 
[Tr] and give several examples of polyhedral Kahler manifolds of higher di- 
mension. 

2.1 Flat metrics on surfaces 

Structures on a 2-dimensional polyhedral cone. A 2-dimensional poly- 
hedral cone is a very simple object but already it supports the majority of 
geometric structures that are essential for this work. Let us describe these 
structures. Consider a 2-cone with conical angle 27rQ;. Note first that 
the flat metric on \ defines a conformal and hence a holomorphic struc- 
ture on \ 0. Moreover \ is by- holomorphic to C*, so we can chose 
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a holomorphic coordinate z on it (defined up to a multiplicative constant). 
This coordinate can be used to extend the complex structure from \ to 
C^. We have a natural action of M* on by homotheties, corresponding 
vector field can be complexified and we call it Euler field. This field is given 
in the coordinate z by the formula the imaginary part of the field acts 
by isometries of the cone. The metric induces a flat meromorphic connection 
on the tangent bundle to the cone and it is given by V = + (« — 1)^. 
The multi- valued flat coordinate on the cone, i.e., a coordinate in which the 
connection on is trivial, is given by z"'. 

Next theorem classifies polyhedral metrics on surfaces. 

Theorem 2.1 (Troyanov [Tr]) Consider a complex curve V of genus g 
with pairwise distinct marked points Xi, ...,Xn. Let ai, a„ be real positive 
numbers such that ^(ctj — 1) = 2g — 2. Then there is a unique (up to a 
real multiplication constant) complete flat metric on F with conical points of 
angles 27raj at Xi whose conformal structure onV\ {xi, is the same 

as ofV itself. 

For completeness we give here a proof of the theorem. 

Lemma 2.2 For every real (3i,...,(3n such that YliiPi — 0? there exists a 
unique meromorphic 1-form rj onF with simple poles with residues 
at the points xi, Xn, having purely imaginary periods (i.e., for every closed 
path 7 e r u;e have J rj & iR). 




Proof. By Dirichlet's theorem there exists a unique (up to a constant) 
real harmonic function / on F, satisfying the equation Af = J2i Pi^xi ■ This 
function has logarithmic poles at xi, The 1-form rj is then given by 

rjlTt) = dfilt) + idf{JTt), where J defines the complex structure on TF. 



Proof of Theorem 2.1. Existence. Let ^ be a holomorphic differential 

on F with simple zeros yi, ■■.,y2g-2- It defines a flat metric ^ (g) ^ on F with 
conical points of angle An at the points y^. Denote by V the corresponding 
connection. Consider the 1-form 77 on F with purely imaginary periods that 
has residue —1 at any point yi and residue {aj — 1) at any point Xj. 

Let us prove that the connection V -|- 77 on F is unitary. Indeed, the 




□ 
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holonomy of V + 77 along a closed path 7 is given by the formula 

hol-y(V + r]) — hol-y(V) exp(— rj) — exp(— / r)). 

J ^ J ^ 

The first equahty follows from the definition of holonomy and the second 
follows from the fact that the holonomy of V is trivial. The connection V + r; 
defines a unique (up to a real multiplication constant) fiat metric on F. In 
order to define it one should fix the metric at any point of F different from 
Xj and translate it by means of V + to other points of F. The metric 
constructed this way has singularities exactly at Xj, and the conical angles 
at Xj are defined by the poles of rj. 

Uniqueness. Suppose that we have two metrics gi and g2 satisfying the 
conditions of the theorem. Then the 1-form V — V should be holomorphic 
and it should have purely imaginary periods (since both Vg^ and Vgj are 
unitary), i.e., it is identically zero. Thus gi and g2 coincide. 

□ 



2.2 Polyhedral Kahler manifolds of higher dimension 

Recall that a polyhedral manifold is called non-negatively curved ii the conical 
angles at all faces of co dimension 2 are at most 27t. 

Proposition 2.3 Let M^" be a non-negatively curved manifold that has a 
second cohomology class h G i/^(M^"') such that h"' is non zero in //^"(M^"). 
Then the holonomy of M'^^ is contained in U{n), i.e., such a manifold is PK. 

This proposition is a simple corollary of results of J. Cheeger (see [Ch]), 
which we will now describe. We don't need these results in full generality; 
instead, we give a version sufficient for our considerations. 

Let M'^ be a polyhedral manifold, and let MJ*~^ be the subset of all its 
metric singularities. Denote by H\^_^[M^) the space of L2-harmonic forms on 
M"^ \ Mg~'^ that are closed and co-closed. 

Theorem A. dim(i/[^(M")) = 6^(M"). 

Theorem B. Suppose that the manifold is non-negatively curved. 
Then every harmonic form h in H^{M"') is parallel, i.e., V/i = 0. 
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Remark 2.4 As it is stated in [Ch] the Theorem B indicates that non- 
negatively curved polyhedral manifolds are analogs of smooth Riemannian 
manifolds with nonnegative curvature operator (rather then smooth mani- 
folds with non-negative sectional curvature). 

Let us deduce Proposition 12.31 from theorems A and B. We need a simple 
fact from linear algebra. 

Lemma 2.5 Consider an Euclidean space V'^"' with a non- degenerate 2-form 
w, w"' 7^ 0. Denote by the subgroup of S0{2n) that preserves w. Then 
the group 5^, is contained in a subgroup of S0{2n) conjugate to U{n). 

Proof. We can find orthonormal coordinates {xi,yi) in V'^"' such that w = 
aidxi A dyt {ai 7^ 0). It is easy to see that every element of S0{2n) that 
preserves w preserves the form w' = dxi A dyi. The stabilizer of w' in 
S0{2n) is exactly U{n). 

□ 

Proof of Proposition [2T3l Let ghe a. non-negatively curved polyhedral 
metric on M^". By Theorem A there exists a harmonic 2-form w on M^" 
such that Jjy.jW" 7^ 0. By Theorem B w parallel in the flat metric. It has 
constant rank outside of the singularities, and since Jj^jW"' 0, w should 
be non-degenerate. The holonomy of g preserves w, thus by Lemma [2.51 the 
holonomy is contained in a subgroup of S0{2n) conjugate to U{n), i.e., g is 
a polyhedral Kahler metric. 

□ 

This proposition indicates that it should be difficult to construct an ex- 
plicit simplicial decomposition on CP" that defines a non-negatively curved 
metric. All examples of PK metrics on CP" that we know come from alge- 
braic geometry, and produce a metric without a chosen simplicial decompo- 
sition. 

Examples of non-negatively curved polyhedral CP". 

Example 1. Choose any non-negatively curved polyhedral metric on 
CP^. Consider the n-th symmetric power Sym'^(CP^) of CP^ with induced 
polyhedral metric. We have Sym'^(CP^) ^ CP'^, and it is clear that the 
constructed polyhedral metric on CP" is non-negatively curved. This is the 
first nontrivial example of a higher- dimensional PK manifold that I learned 
and it was proposed to me by M. Gromov. 

For n = 2 we obtain a PK metric on CP^ with singularities at a conic 
and several lines tangent to it. The conical angle at the conic is equal to vr 
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and the sum of defects of the conical angles at the lines is equal to —An. The 
conic is the image of the diagonal of CP^ x CP^. 

Example 2. Let be a 2-torus with a fiat metric. Consider the (n+ 1)- 
th power of T^, T2"+2 = {T^)^+\ Let T^"" be a subtorus of T2"+2 given by 
the equation J2i Xi — 0, xi, Xn+i £ T^- Let Sn+i be the permutation group 
acting on r2n+2 

Lemma 2.6 The quotient T"^'"- / Sn+i is a CP" with a non-negatively curved 
polyhedral metric. 

Proof. Let E be the unique elliptic curve with the same conformal 
structure as T^. Let L„ be a complex line bundle over E with first Chern 
class n + 1. Then T^"/5'„+i can be identified with the space of zero divisors 
of sections of L„. 

□ 

For n = 2 we obtain a PK metric on CP^ singular along an elliptic curve 
of degree 6 with 9 cusps. This curve is projectively dual to a smooth cubic. 

RemEirk 2.7 and CP^ are the only orientable 4-dimensional manifolds 

that admit a non-negatively curved polyhedral metric with irreducible holon- 
omy. The case of S"^ x S"^ was treated in [Or] using the theory of Alexandrov 
spaces, the results of this paper can be obtained in a different way using 
complex geometry. 

P/T-metrics via branched covering. 

One can construct polyhedral Kahler metrics via branched coverings. Let 
/ : 5*2 — > -S*! be a branched covering of a smooth complex surface 5"! by a 
smooth complex surface 5'2. Suppose that Si has a polyhedral Kahler metric 
and / is ramified over a set of fiat curves on 5*1. Then the pull-back of the 
metric on 5*2 is a polyhedral Kahler metric. 

Consider the map / : CP^ ^ CP^, f{x:y:z) = (x" : |/" : z"). This 
map is ramified at the lines x — 0,y — 0, z — 0. The following two examples 
use this map to produce new PK metrics. 

Example 3. 7 lines. 

Consider a PK metric on CP^ with the singular locus given by the lines 
X — 0,y — 0,z — and a conic tangent to these fines (c/. Example 1). 
The conical angle at the conic is tt and the conical angles at the lines are 
equal to 27ra, 27rf3, 27r7, a + f3 + 'j = 1. Consider the branched covering 
f{x:y:z) = {x^ : y"^ : z"^). Then the singular locus of the puUback metric is 
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composed of 7 lines, 4 of which have conical angle vr and three of which have 
angles Aira, 47r/3, An'y. 

Example 4. A metric on a symmetric K3 surface. 

Consider a PK metric on CP^ with the singular locus given by the lines 
x = 0, y = 0, z = 0, x + y = z (all of them having conical angle vr) and a 
conic tangent to these lines (Example 1). Consider the pull-back metric on 
CP^ under the map f{x:y:z) = {x^ : : z^). The preimage of the line 
X + y = z is given by the equation x^ + y^ = z^. The double cover of CP^ 
ramified over the curve x^ + y^ = z^ is a K3 surface. This construction gives 
a polyhedral Kahler metric on it. 

Example 5. PK metrics on algebraic Kummer surfaces. 

Recall that a Kummer K3 surface is obtained from a complex torus 
by the quotient with respect to the involution I : x ^ —x and successive 
blow up of 16 fixed points. If we first blow up the points on fixed by /, 
we get a surface that is a double cover of the Kummer surface. So in order 
to get a PK metric on a Kummer surface it will be sufficient to construct 
any /-invariant PK metric on blown up at 16 invariant points. 

Let r be a genus 2 curve, a its hyperelliptic involution, and Jac2(r) the 
Jacobian of degree 2 line bundles on F. Let g he a. flat metric with conical 
points on F, invariant under a (we suppose that the conformal structure of g 
is that of F). The metric g induces a PK metric on the symmetric square 
Sym2(F) of F. 

Recall that Sym^(F) is naturally isomorphic to the blow up of Jac2(F) at 
the point corresponding to the canonical class of F. Moreover the involution a 
on F induces the involution / on the blown up of Jac2(F). Consider the degree 
16 cover of Sym^(F) corresponding to the subgroup (2Z)'' C ifi(Sym^(F)). 
One can check that the involution / lifts to this cover and it fixes 16 excep- 
tional curves. Moreover, / fixes the lift of 'g. This finishes the construction. 

3 Singularities of polyhedral Kahler manifolds 
in dimension 4 

Starting from this section we deal only with 4-dimensional PK manifolds. In 
the next two subsections we will prove Theorems 11.51 and II. 7[ Before doing 
this let us explain why existence of holomorphic charts (Definition 11.41) on a 
polyhedral Kahler manifold implies immediately that is a complex 
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surface. 

Indeed, suppose that can be covered by holomorphic charts ipa)- 
To prove that {Ua,(pa) is a holomorphic atlas on M"^ we need to show that 
for every a and the gluing map 

(fa^^^ : ipp{Ua n Up) (faiUa H Up) 

is holomorphic. By Definition 11.41 the map ^a^^'^ is continuous on Lpp{Ua H 
Up) and holomorphic on the complement to an analytic subset. So by stan- 
dard results it is holomorphic on the whole domain ippiUa^Up). 

□ 

The same argument gives us the following lemma. 

Lemma 3.1 Fori = 0, 1 suppose that every point of M'^\Ml has a holomor- 
phic chart. Then the space M^\Ml has a well-defined holomorphic structure. 

The proof of Theorem 11.51 will be done in 3 steps. First we show that 
every point in \ M] is contained in a holomorphic chart. Then we prove 
that singularities of pure codimension 3 don't exit, i.e, M] = M°. And 
finally for singularities of codimension 4 the existence of a holomorphic chart 
is claimed by Theorem II. 7[ 

3.1 Complex structure in codimension 4 and the Euler 
field. 

Lemma 3.2 Every point x G \ is contained in a holomorphic chart. 
In particular the space \ has a well-defined holomorphic structure. 

Proof. It is sufficient to prove this lemma for tangent cones of points in 
Mg \ , i.e. for PK manifolds that are the direct products of a 2-cone 
and the Euclidean plane M^. 

By Definition II. II the complex structure on x (C^ \ 0) is constant with 
respect to the fiat connection of the metric and invariant with respect to the 
holonomy around (M^,0). If the conical angle 27r/3 of is not divisible by 
27r then this holonomy is nontrivial, it rotates the tangent planes of the hor- 
izontal fibers (*, \ 0) by the angle 2'7r{/5}. So these fibers are holomorphic 
with respect to the complex structure. The fibers (M^,*) are orthogonal to 
(*, \ 0) and so they are holomorphic, since J preserves the metric. Thus 
the complex structure on = x (C^ \ 0) is given by the product of the 
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natural complex structures on and \ 0. Finally we note that \ 
is bi-holomorphic to C*, so there is a coordinate z on holomorphic on 
\ and continuous on C^. The coordinate z together with a holomorphic 
coordinate w on M define the structure of a chart on X C^. The existence 
of the complex structure on \ M] follows now from Lemma 13.11 The 
case 277/3 = 27r/c, /c > 2 is similar, the holonomy is trivial this time but by 
Definition 11.11 the vertical fiber x has a holomorphic direction. 

□ 

Remark 3.3 We proved that every 2-face of a 4 dimensional polyhedral 
Kahler manifold that belongs to the singular locus has a holomorphic direc- 
tion. We need to impose the condition on the faces with conical angle 2A;7r, 
A; > 2, in order to be able to extend the complex structure on these faces. 
Indeed, for a degree k ramified cover of with a branching of order k over 
a totally real two-dimensional plane, the complex structure on the cover can 
not be extended on the branching locus. 

Definition 3.4 Let be a PK manifold and let U be the universal cover 
of \ Mg. The enveloping map E of is defined as a locally isometric 
map E : U —>■ C'^. Equivalently this map can be seen as a multi- valued 
map from to that is locally isometric outside of and has infinite 
ramification at M^. The image of under the map is called branching 
set B{E) of E, it is composed of linear holomorphic faces. Note that B{E) 
is usually everywhere dense in but in the case when B{E) is closed the 
restriction map E : £'^^(C^ \ B{E)) ^ \ B{E) is a covering map. 

Proposition 3.5 Any PK cone that is a product ofM. with a 3-cone is 
isometric to the product ofC with a 2-cone. So 4- dimensional PK manifolds 
can not have singularities of pure codimension 3. 

Proof. Suppose that is isometric to M x P^. Denote by v the constant 
vector field on tangent to the vertical lines (M, *). This field is acting 
on M X (P^ \ 0) preserving the complex structure defined by Lemma 13.21 
Consider the field J{v) obtained from v by the complex rotation and let 
vc = v-\-iJ{v) be the complexification off. The field vc is constant in the fiat 
holomorphic coordinates on the complement to the singularities. Moreover, 
since the singularities of Cf^ are tangent to v and they are holomorphic on 
M X [P^ \ 0), V£ is also tangent to the singularities. 
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Consider now the enveloping map E of and let us show that its branch- 
ing locus is contained in a complex line through -E'(O) (note that the image 
of the center of is well defined). Indeed, the singularities of are of 
the form M x rj, where is a singular ray of P^. The image of M x rj under 
E in is a complex half-hne containing E{0) at its boundary. At the same 
time it is clear that the field vc descends to a constant filed E{vc) on C^, and 
so all half-lines of B{E) are contained in the line L through £'(0) tangent to 
E{vc). 

Since B{E) C L, the map E : i5~^(C^ \ L) — > \ L is a covering map. 
But the set £'~^(C^ \ L) is also a cover of the complement in Cj^ to all half- 
planes R X r tangent to vc (including all singular half-planes). We deduce 
that the last complement is isometric to a product of a punctured 2-cone 
with C and the proposition follows. 

□ 

Let us sketch an alternative proof of this proposition where instead of 
studying the enveloping map we work directly with the cone P^. Consider 
the restriction of the field J{v) on x = P'^. The field J{v) is well defined 
on P^ \ 0, it is preserved by the holonomy of the metric and it is tangent to 
the singular rays of P^. We will show that P^ has at most 2 singular rays. 

Let S'^ be the unit sphere centered at the origin of P^. Consider the 
following function on S'^: 

f:S'^ [-1, 1]; fix) = cos(Z(e,(x), I{v{x))) 

We claim that the critical values of this function must be equal to 1 or 
— 1. Indeed, if a; is a nonsingular point and er{x) is not tangent to J{v{x)), 
then / has nonzero differential at x. If x is singular (i.e., x e ), then 
J{v{x)) is tangent to thus f{x) = ±1. It follows from Morse theory that 
/ must have exactly two critical points. Thus the number of conical points 
on iS^ is at most 2. A further analysis shows that S'^ is either the unit sphere 
or a sphere with 2 conical points admitting an isometric action preserving 
the points. This proves the proposition. 

□ 

Example 3.6 Let S'^ be a unit sphere and p and q be two points on it. 
Consider a ramified degree n cover of S'^ by a sphere with ramifications 
of order n at p and q. Then the pull-back metric to S'^ has 2 conical points 
of angles 27rn. Let P^ be a cone over S'^ and consider the polyhedral cone 
M X P^. The holonomy of the metric on M x P^ is trivial for all choices of p 
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and g, but the cone admits a PK structure only if p and q are opposite points 
on S"^. Otherwise, the hne M x forms the singular locus of codimension 3. 

Definition 3.7 Let Cj^ be a polyhedral Kahler cone. The group M* is acting 
on by dilatations (since is a cone). It is clear that this action preserves 
the holomorphic structure on Cj^ \ defined by Proposition 13. 5[ So the 
vector field Cr generating this action can be complexified and the obtained 
holomorphic vector field is called Euler vector field and denoted by e. The 
imaginary part of the field e is called the spherical component = J{er). It 
is important that is acting on by isometries. 

Example 3.8 Consider the cone that is the direct product of two 2- 
cones with conical angles 27ra and 27r/?. Choose holomorphic coordinates z 
and w on each 2-cone as in the beginning of Section 2.1. Then the Euler field 
is given by e = \z-^ + ^uj^- Let us decompose e as above in the radial and 
spherical components e = Cr + ieg. If ^ G Q, then all orbits of the field are 
closed, and the field generates an action of on C^. For ^ irrational, 
the closure of a generic orbit of Cg is a 2-torus. 

3.2 Linear coordinates on PK cones 

In this subsection we prove Theorem 11.71 In particular, we introduce a 
holomorphic chart in a neighborhood of every singularity of codimension 4. 
So, this also finishes the proof of Theorem 11.51 

Let Cj^ be a 4-dimensional PK cone. We will consider the isometric 
action generated by Cg on Cj^ and will distinguish two case. 

(1) Irrational. There exists at least one non-closed orbit. 

(2) Rational. All orbits of the action are closed. 

Proposition 3.9 // at least one of the orbit of the Cg action on is non- 
closed then is isometric to the product of two 2-cones. 

Consider the group of isometries of Cj^ preserving its origin. This is a 
compact Lie group, and the field Cg generates its subgroup isomorphic to 
(because at least one orbit of the action on 5*^ is non-closed). The closure 
of this subgroup in the group of isometries is a compact connected Abelian 
group, i.e., a torus of dimension at least two. Thus we have a faithful action 
of on Cj^ by isometries. 
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Let us show that the branching locus of the enveloping map E of is 
contained in the union of two orthogonal lines in C^. Indeed, is acting on 
Cj^ and this action induces an action of on equivariant with respect to 
E and fixing the point E{0) in C^. This action factors through the standard 
action of on and it leaves invariant two orthogonal lines Li and L2 
through E{0). The branching locus of is a union of lines trough E[0) 
invariant under action. Thus the map 

E : ^-^(C^ \ Li U L2) ^ \ Li U L2 

is a covering map. It follows that is isometric to a product of two 2-cones. 

□ 

Theorem 11.71 holds for PK cones isometric to the direct product of two 
2-cones (see the example above). So the first case of the theorem is proved. 
To treat the second case we will study the action of Cs on the unit sphere 

of Cj^ {S^ it the set of points lying at distance 1 from the origin). This 
action is isometric and we suppose this time that all orbits are closed. 

Lemma 3.10 Suppose that all orbits of the action of Cg on are closed. 
Then there exists a > such that all orbits except at most two have period 
27Ta, and the exceptional orbits have periods where p and q are 

co-prime numbers. Moreover the action is conjugate to the action {z, w) — 
{e'^Pz,e''^'iw), 9 e M/27rZ on the unit sphere in C^, l^p + \w\^ = 1. 

Proof. This lemma is standard and follows essentially form the fact that 
Cg is acting on by isometrics, we will just indicate the proof. It is sufficient 
to show that the action induces on the structure of a Seifert fibration, in 
particular all orbits apart from a finite number have period 27Ta and the 
periods of all exceptional orbits divide 27ia. Then the lemma follows from 
the classification of Seifert fibrations on S^. 

Let be an orbit of Cg on 5"^, denote by 27rai its length. Consider the 
fiow on generated by in time 27rai. It is identical on and induces a 
self-map on an invariant slice transversal to 0. This self-map of the slice is an 
isometry and it has finite period n (otherwise there exist orbits of that are 
not closed). It follows that the fiow generated by Cg in time 2n7iai induces 
the identity map on thus the period of every orbit divides 2n7rai. Since 
every orbit has a neighborhood where all other orbits have period 2n'Kai, the 
number of exceptional orbits is finite. 

□ 



19 



Now, we are ready to give the proof of Theorem 11.71 in the second case. 
Note first that since the field defines an action on Cj^, the field e = 
Cr + ics defines a holomorphic C* action on Cj^ \ 0. 

Suppose first that all orbits of the action of on have the same 
length, i.e., the pair {p,q) from Lemma 13.101 is (1,1). Then the quotient 
space [C^ \ 0)/C* is a complex curve homeomorphic to S'^, hence it is CP^. 
Thus Cj^ \ is isomorphic to a holomorphic C* fibration over CP^. This 
fibration can be completed in a unique way to a line bundle by adding the 
zero section. The completed line bundle has first Chern class —1, (indeed, 
the associate bundle is homeomorphic to the Hopf fibration of S^). We 
conclude that \ can be identified with \ and the Euler field has the 
form -zS- + -w-^- 

a oz a aw 

Consider now the case 2 < p < q. Let us reduce it to the case (p, q) = 
(1, 1). According to Lemma [3 . 1 1 1 here are two orbits of the action of on 
of lengths 27r^ and Svr^. Consider the corresponding orbits Op and Og of the 
action of C* on C^. It follows from Lemma [3.101 that the triple (C^, Op, Og) 
is homeomorphic to a triple (C^,C^,C^) composed of a complex plane and 
two transversal lines. Thus there exists a unique ramified covering of the cone 
Cj( by another polyhedral Kahler cone Cj^ of degree pq that has ramifications 
of orders p over Op and q over Og. It is easy to see that constructed cone 

has type (1, 1) and that there are holomorphic coordinates {x,y) on 
such that the Euler field equals -xS- + -v^. The holomorphic coordinates 

^ a ax ay ^ 

on will then be z = x^, w = y'^ and the Euler field is e = -z^ + -w-$-. 

^ ; J a az a aw 

□ 

Definition 3.11 The coordinates z and w constructed above are called lin- 
ear coordinates of a PK cone. A PK cone is called rational of type {p, q, a) 
{p, g G N) if its Euler field is equal to e = ^z-^ + in the linear co- 

ordinates. The number a is called the conical angle of the cone. A cone 
is called irrational of type {ai,a2), — € M/Q, if its Euler field is equal to 
e = .^zi- + ^w^. 

«i az a2 aw 

Remark 3.12 For a rational polyhedral Kahler cone of type {p, q, a), all the 
orbits of the Euler field action are given by the equations ^ = const. These 
curves are fiat with respect to the PK metric and all of them (except the 
curves z = 0,w = 0) have the same conical angle at equal to 27ra. 

The proof of the following corollary is contained the second part of the 
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proof of Theorem ll.7[ 



Corollary 3.13 For a polyhedral Kdhler cone Ci of type {p, q, a) there exists 
a unique cone C2 of type (1, l,a) with a holomorphic map / : C2 — > Ci 0/ 
degree pq that is a local isometry outside the branching locus. 

Finally, we describe all PK cones whose singular locus is a union of two 
lines in linear coordinates. 

Lemma 3.14 Let be a PK cone with linear coordinates {z,w) and such 
that the singular locus is the union of the lines z = and w = 0. Then either 
C% is isometric to the product of two 2-cones, or the metric on Cj^ is the pull- 
back of a constant metric on under the map C^, {z, w) {z^, w"^). 

Proof. We can suppose that is a rational cone, irrational case is 
treated by Proposition 13.91 Using Corollary 13.131 we can assume that the 
cone is of type (1, 1), i.e., conical angles at the hues z = and w = are 
both equal 27ia. Now, consider two cases. 

1) a is not integer. Fix a non-singular point x in and consider the 
holonomy of the metric based at x. This holonomy is generated by two 
commuting operators and corresponding to two pathes around lines 
z = and w = (both operators are non-trivial, since a is non integer). 
Then on Cj^ \ {zw = 0} we have two holomorphic rank 1 sub-bundle of TCj^ 
invariant under parallel translation and orthogonal at every point. 

Consider the enveloping map E : C^. Invariant sub-bundles are 

mapped by E to constant orthogonal sub-bundles of TC^. It is clear that the 
ramification locus is composed of two lines through E{0), tangent to one of 
the constant fields. These lines are orthogonal and so Cj^ is a direct product 
of two 2-cones. 

2) a is integer. Then it is clear that the enveloping map from is 
in fact not multivalued but is a finite degree ramified covering of with 
ramifications of degree a at the lines z = 0, w = 0. Moreover, the images 
of both lines are lines in containing E{0), so we are in the second case 
described by the lemma. 

□ 



21 



3.3 4k PK cones and 2r spheres with conical points 
(proof of Theorems 11.81 11.91) 

We start the proof of Theorem 11.81 and associate to every PK cone of type 
(1, 1, a) a metric on a sphere S*^, of curvature 4, having conical singularities. 

Denote by the unit sphere around the origin of the cone and by S*^ 
the quotient of by the action of e^. Locally, outside the singularities, the 
action of on is isometric to the action of the Euler field on the stan- 
dard (nonsingular) unit sphere. Therefore, locally, outside the singularities, 
the quotient metric on S"^ is isometric to the quotient of the standard (non- 
singular) sphere by e^. The last quotient obviously has curvature 4. The 
singularities of the cone correspond to the conical points on S"^. 

□ 

Lemma 3.15 Let Q be a contractible domain on the standard sphere S'^ of 
curvature 4 (without conical points). Then, for any positive I, there is a 
unique metric g of curvature 1 on Q x with the following properties: All 
the fibers of the product are geodesies of length I; there is an action of on 
Q X by isometrics; the quotient metric on Q coincides with the original 
one. 

Proof. Let (p : —>■ S"^ he the standard Hopf fibration. The universal 
cover of is diffeomorphic to x M, and M acts on it by parallel 

translations. The quotient of i7 x M by the subgroup /Z of M induces on 
Q X the metric we are looking for. 

□ 

There is a natural connection V on the fibration i7xM ^ Its horizontal 
distribution is given by the planes orthogonal to the fibers. The following 
lemma is standard and we omit the proof. 

Lemma 3.16 The holonomy of the connection V along a closed curve j G fl 
is equal to the parallel translation by 2area(7), where area(7) is the algebraic 
area bounded by 7. 

Now, let 5*^ be a sphere with a metric of curvature 4 with conical points. 
We will associate to it a PK cone of type (1, 1). 

First, we reconstruct the sphere of curvature 1 (with singularities) that 
fibers over S"^. Cut S*^ by geodesic segments with vertices at all the conical 
points, in order to obtain a contractible polygon P. This polygon can be 
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immersed into the standard sphere of curvature 4 by the enveloping map. 
Consider the fibration over P from Lemma [3.151 with length / = 2area(P). 
The holonomy of the fibration along the border of P is trivial (by Lemma 
13.161 the circle 5*^ makes one full rotation). This means that the original 
gluing of P, which gives 5*^ with conical points, can be lifted to a gluing 
of P X 5*^. To construct such a gluing, we choose a horizontal section s of 
P X over the boundary of P and identify (x, s{x)) with {y, s{y)) whenever 
X and y are identified by the gluing of P. Since the border circle turns once, 
we obtain the sphere S^. 

Now, consider the space M+ x with the metric (rfr)^ + r(c/s)^, where 
r G M+ and (c/s)^ is the metric constructed on S^. This space is a Pi^-cone 



The general case. The 2-sphere with conical and marked points asso- 
ciated to the PK cone is given by the metric quotient of the unit sphere in 
the PK cone by the action of the field e^. The marked points correspond to 
the multiple orbits. 

Let S"^ be a sphere of curvature 4 with conical points two of which, x and 
y, are marked. Let us construct for every 1 < p < q the corresponding (p, q)- 
cone. Take first the (1, l)-cone C associated to the sphere 5"^ constructed 
above. Denote by and ly the preimages of x,y C C under the projection to 
S"^. Consider the ramified covering of degree pq over C with the branchings 
of orders p over and of q over ly. This is the {p, g)-cone we are looking for. 



Proof of Theorem 11.91 

Consider the case of PK cones of type (1, l,a). Let 5^ be the quotient 
sphere associated to the cone. It has n conical points of angles 27r/5i, 2nPn 
and its area is given by the Gauss-Bonnet formula: 



From Lemma [3.161 2TTa = 2area(S'^). This proves the theorem for (1, 1, a) 
singularities. Singularities of other types are treated in a same way using 



of type (1, 1). 



□ 



□ 




Corollary ESI 



□ 
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3.4 PK metrics on singular piecewise linear spaces 

Definition 11.11 can be naturally extended to the following class of PL mani- 
folds with singularities. We call a 4- dimensional topological space with a sim- 
plicial decomposition a PL-manifold up to codimension 2 if every 3-simplex 
is a border of exactly two 4-simplices. A compatible choice of fiat metric on 
the 4-simplices of such a space defines a polyhedral metric on it. Obtained 
metric has singularities only in codimension 2 and we can repeat Definition 
11.11 saying that this metric is a Pi^-metric if its holonomy is contained in 
U{2) and all singular 2-faces of conical angles 2'n'k {k > 2) have holomorphic 
directions. A space with such a structure is called a singular PK manifold. 

Most of the theorems of this section about (nonsingular) 4^ dimensional 
PK manifolds can be restated for singular 4^ dimensional PK manifolds. In 
fact, these singular manifolds are complex surfaces with isolated singularities. 
We will formulate the result but will skip the proof. 

Theorem 3.17 For a singular PK manifold of dimension 4ir its complex 
structure defined outside singularities can be extended to the whole singular 
manifold. Obtained complex space is a complex surface with isolated singu- 
larities. In the neighborhood of every isolated singularity there is a natural 
holomorphic field e = Cr + icg such that the (real) field Cr acts by dilatation 
of the metric and the (real) field Cg generates an action of by isometrics. 

4 Polyhedral Kahler metrics via logarithmic 
connections 

For every PK surface S the PK metric induces on T(5' \ sing) a holomor- 
phic, flat, unitary, torsion free connection. This connection extends to a 
meromorphic connection on TS with first order poles at the singular locus. 
In this section we will write explicit formulas of PK connections in linear 
coordinates z,w on 2-dimensional PKcones. We also give a condition for a 
unitary connection on the tangent bundle of a complex surface that implies 
that the corresponding metric on S is PK. 
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4.1 Definitions and first results 



Let M be a complex manifold and D he a, normal crossing divisor. A mero- 
morphic 1-form a; on M is called logarithmic with respect to D if it is holo- 
morphic on M \ D, and in a neighborhood of any point of D it can be 
represented as 



where are holomorphic functions, Zi are local coordinates, and D is given 
locally by the equation 



The sheaf of logarithmic 1-forms is denoted by fl^{logD). 

Let be a holomorphic vector bundle over M. A meromorphic connec- 
tion V on £^ is called logarithmic (with respect to D) if it can be written in 
local coordinates as 



where ^4 is a r2^(logD)-valued section of Aut(£'). 

For any irreducible component Di of D we denote by Res£).(V) the residue 
of V with respect to D^, it is a holomorphic section of Aut{E)\D.. 

The following proposition is standard, the proof can be found in Section 
4 of the article of Malgrange in [Bo] . 

Proposition 4.1 Let W be a flat logarithmic connection on [M,E^) with 
poles at a normal crossing divisor D. Suppose that all eigenvalues of ResDiy) 

are contained m ] — 1, 0]. 

For a point x E D chose local coordinates Zi such that D-i is given by 
Ui{zi = 0}. Then there exists a neighborhood U ofx and holomorphic sections 
si,...,Sk of E'' giving a trivialisation of E'' over U and such that in this 
trivialisation V is given by: 




D = Ul,{z, = 0} 



V = d + A 




where Bi are constant matrix-valued functions. 
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Definition 4.2 For a complex manifold M and a meromorphic connection 
V on TM its torsion is a meromorphic section of f2^(M) ® TM. It is given 
by the following formula: 



M, f G TM. A connection with zero torsion is called torsion-free. 

Now, we will restrict our attention to connections on the tangent bundles 
of surfaces. Let S' be a surface with a weighted arrangement of curves (Fj, [3j) 
and let Xi, be the points of the arrangement of multiplicity at least 3. 

Definition 4.3 We say that a meromorphic connection V on TS is par- 
tially adapted to {Tj,(3j) if V is logarithmic on 5" \ {xi, ...,0;^}, Resr V has 
eigenvalues {(3j — 1,0) at Fj, and TVj = ker(Resr^V). 

Lemma 4.4 On every PK surface S the PK connection is partially adapted 
to the weighted arrangement of S. 

Proof. The statement of the lemma clearly holds at smooth points of 
the singular locus of S", because they can be embedded isometrically in the 
product of C with a 2-cone. At the same time the connection on the 2-cone 
is logarithmic and has residue (3 — 1 where 2tt(3 is the cone angle. 

From the description of double points of the singular locus (Lemma 13. 141) 
it follows that the connection is also logarithmic at these points. Indeed, the 
connection on the direct product of two 2-cones is logarithmic, and for the 
second type of cones that are branched covers of one can change the metric 
without changing the connection to make these cones also direct products. 



Lemma 4.5 Let S he a complex surface with a weighted arrangement (Fj, (3j), 
(3j ^ 1. Suppose that V is partially adapted, then its torsion is holomorphic. 

Proof. By Hartogs theorem it is sufficient to show that the torsion of V 
is holomorphic outside of the multiple points of the arrangement Tj. So it is 
sufficient to consider the case of a connection on with a pole at the line 
z = 0. Chose locally the second coordinate w in such a way that the residue 
of V is given by the formula 



T{u,v)=Vu{v)-V,{u) 



□ 
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In this case the connection V can be written as 



V = d H i?es^=o V + A, 

z 

where A is holomorphic. This proves the lemma. 



(6) 



□ 



Corollary 4.6 Suppose that = 0, i.e., there is no nontrivial holomor- 

phic 1-forms on S; then the torsion ofV is identically zero. 

Proof. The torsion of a meromorphic connection on the tangent bundle to 
a complex manifold X is a section of ® TX. In the case when X is a 
two-dimensional complex surface S the bundle Q| ® TS is two-dimensional 
and isomorphic to the bundle of holomorphic 1-forms Q}g. Thus on S any 
holomorphic section of 0| TS is identically zero. 



4.2 Formulas for connections on (1,1) cones 

In the following proposition we describe the connection of a PK metric in a 
neighborhood of a singular point of type (1,1). 

Proposition 4.7 Consider a PK-cone of type (1,1, a) with linear coordi- 
nates z,w. For i = l,...,n let li = 0, = be the equations of the 
singular lines of the cone. Let 27r/3i be the conical angle at li = 0. Then the 
following holds: 

1) The residue Res^.V of V at li is given by a constant matrix-valued 
function A^ and the connection V is given by the following formula: 



a) J] = (a - l)Id; b) tr(A) = A - 1; c) {h = 0} = ker(A) (8) 



□ 





2) The residues Ai satisfy the following equations: 



n 



i=l 
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Proof of 1131) 

We prove first that the residue of V is constant at any /j. Indeed, the 
action of C* on the cone changes the PK metric by a scalar factor, thus this 
action preserves the connection V. For any c G C* we have: 

A{cz, cw) = A{z, w), 

i.e., the residue Res;-(V) is constant on 

Consider now the following connection V' on C^: 

V' = rf + 5^Res,(V)-f^ 

n 

We claim that V' = V. Indeed, the matrix-valued 1-form V' — V has no 
poles at the lines h thus it is holomorphic on C^. Moreover this 1-form is 
preserved by the C* action, i.e., it is identically zero. 

□ 

Next lemma is essential for the proof of 14.71 2). 
Lemma 4.8 For the Euler field e of the PK-cone we have: 

VeC = e 

Proof. It is sufficient to check this identity for the flat C^. 



□ 



Proof of 111712). 

Let us prove (IHk)- The Euler field e on the Pi^-cone is given by 

1 f d d 
e = - z— +w— 
a \ oz aw 

We have 

Vee = cie(e) + VAi(e)^(e) = -e + V-A,(e) = e 

"H" k a ^ a 

1=1 1=1 

This means that Ym=i ^«(^) = — i.e., A = {a — l)Id. 
Statements ([Hb,c) are proven in Lemma [4.41 



□ 
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Remark 4.9 For i = 1, ...,n let li be lines in containing the origin and 
let /3i be complex numbers. Then the space of matrixes Ai satisfying ([S]) has 
dimension {n — 3). Next formula gives the unique connection for n = 3 with 
poles at the lines z = 0, w = 0, z + w = 



dz I fe+fe— dz+dw fe+fe— /3i-l / dz+dw dw ^ 



7 I I (A -'-) 2 ~'~ 2 z+w 2 V 2+10 J 

" I /3i+/33-/32-l / dz _|_ dz+dw \ /^i+fe-fe-l d2+d«) -I- f /9 i N rfm 



Proposition 4.10 Any connection V on given by formula ^ with the 
matrices Ai satisfying is flat, torsion-free and thus it defines a singular 
affine structure on C^. 

Proof. Since dA = the curvature of V is given by 

dA + AAA = AAA 
We need to prove that A A A = 0. Let us write 

A, 



ai hi 



Ci di 

then the equation A A A = Q is equivalent to the following system 

I I 

^ Qy^ A ^(fli -di)^ = 

H ■ H 

For the first equation we liave 

H ■ H 

II II 

Function /i = log(n. If) and /2 = log(nj are homogeneous of degree 
on (since E Ci = E &i = by (Ek)). It follows that df\ A = 0. The 
next two equations are completely analogous. 
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Now we show that A is torsion free. We have 



T f-, -1 = y ^ (-] A, (-] - ^ (-] A, (- 



n 



1=1 

The last equahty holds by (Eb). 
Connection on the blow-up. 



dli d dli d 
li ' V dz dw dw dz 







□ 



Lemma 4.11 Let 'SI he a connection on given by formula ^ with the 
matrices Ai satisfying Consider the blow-up o/ at (0,0), take the 

pull-back of the tangent bundle of to the blow-up, and consider on it the 
pull-back of v. The obtained connection is logarithmic and its residue at the 
exceptional curve is {a — l)Id. 

Proof. Let us introduce coordinates u,v on the blow-up u = = w. 
The exceptional line is given by f = 0. Let k = SiZ + tiW = Siuv + tiV. Then 
the pull-back connection is given by 

n n 

V = d + Y^ Aid{\ogli) =d + Y^ Ai{d{\ogv) + d{\og{siU + ti)) = 

i=l i=l 

n 

d+{a- l)Id ■ d{\ogv) + ^ ■ d\og{siU + ti)) 

i=l 

Here we use Equation ([8^). This proves the lemma. 

□ 



4.3 Unitary flat logarithmic torsion free connection i-^ 
PK metric 

In this subsection we consider only arrangements (5, Tj) that satisfy the 
property that are smooth and transversal. We give a sufficient criterion 
for such an arrangement to be the singular locus of a PK metric in terms 
of an adapted connection. Singularities of such an arrangement are normal 
crossings or singularities of type (1, 1). 
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Definition 4.12 Let V be a connection partially adapted to (S", Fj, Sup- 
pose that Tj are smooth and intersect transversally. Consider the blow up 
vr : S' — > 5* at all points Xi of multiplicity at least 3. V is adapted to (Tj,i3j) 
if the pull-back connection 7r*V on 7t*TS is logarithmic on S and its residue 
at the exceptional curve over Xi equals dij{(3i — 1)1 d. 

Theorem 4.13 Let {SjTj, (3j,Xi) be a weighted arrangements of curves and 
V be an adapted flat, unitary, torsion free connection on TS . Suppose that 
< f3j < 1 and for every Xi, Yli^ijif^i ~ 1) > ~2. Then the unitary metric 
on TS corresponding to V is a PK metric. 

Proof. Note first that since V is unitary, flat, and torsion- free, the metric 
g corresponding to V is flat on the complement to the curves Tj. So to prove 
that g extends to a PK metric on S it will be sufficient to show the following 
3 properties of g. 

a) For any smooth point of F there is a neighborhood U with U \ T 
isometric to the direct product of a fiat punctured 2-cone and a flat disc. 

b) For any double point of F there is a neighborhood U with [/\F isometric 
to the direct product of two flat punctured 2-cones. 

c) For any point of F of multiplicity greater than 2 a neighborhood of the 
point is isometric to a 2c-dimensional PK cone. 

The proofs of a) and b) are similar so we will prove only b) and c). 

Proof of b). Introduce coordinates w in a neighborhood of the double 
point such that F is locally given by zw = 0. According to Proposition 14.11 
there exist two sections Si and S2 such that the connection V is given by 

^ , ^ dz ^ dw 
V = d + Bi— + B2 — 

z w 

where Bi and B2 are constant and commuting. Making an additional linear 
change in si, S2 we can suppose that = and B2{s2) = 0. It is clear 

then that the sub-bundles of the tangent bundle generated by Si and S2 are 
invariant under V and moreover the vector field Si is tangent to the line 
w = and S2 is tangent to the line z = 0. Since V is torsion free the 
integral curves of Si and S2 are flat cones. So we can deduce that locally the 
neighborhood of (0, 0) is the direct product of two 2-cones. 

□ 

Proof of c). Let be a point of F of multiplicity greater than 2. From 
a) it follows that the metric g extends continuously to any punctured curve 
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Tj \ 0, thus we obtain a polyhedral Kahler metric on U\0. It is necessary to 
show further that g extends to and the resulting metric on ?7 is a polyhedral 
Kahler metric. To show this it is sufficient to construct the action of C* on 
[/ \ by dilatations, i.e., M* must act by dilatations of the metric and 5*^ 
must act by isometrics. 

Construction of the C* action on f/ \ 0. 

Consider the holonomy representation of the group 7Ti{U \ T,x) in the 
group U{2, C) K of unitary affine transformations of C^. 

Holy : 7ri([/ \ r, x) ^ U{2, C) x 

The linear part of this representation is denoted by holy- Denote by c the 
generator of the center of 7ri([/ \ T,x) corresponding to an anti-clockwise 
path around in a complex line through 0. From condition 2) of Definition 
KV2\ it follows that 

holv(c) = exp(27rz ^{Pj - l))Id 
j 

We see that the affine transformation Ho/v(c) is a complex rotation of 
around some point y on angle 2ii ^jiPj — !)• 

Since any element h of tti{U \ T,x) commutes with c, the affine trans- 
formation Holv(/i) fixes the point y. It follows that the representation 
Holv(c)7ri([/ \ T,x) commutes with the affine action of C* on C^, given by 
complex dilatations that fixe y. We deduce that the action of C* can be 
pulled back to the action of C* on f/ \ 0. 

□ 

Remark 4.14 The condition jSj < 1 in this theorem can be replaced by the 
condition Pj ^ Z+ but we don't prove this here. 

5 Topological relations on the singular locus. 

In this section we prove Theorem 11.111 We use a formula of Ohtsuki [Oh]. 

Theorem [Oh]. Let be a surface and ii^ be a holomorphic vector 
bundle on it. Let D = [Jj Dj be a normal crossings divisor on 5* and V 
a logarithmic connection on E with poles at D. Denote by yk the double 
points of D and by Z^^.^ and the irreducible components of D containing 
yk- We also use the notation = Res/5^. (V). The following identities hold: 
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c^iE) = -J2M^3)Dj 
j 

C2{E) = ^(Det(Rfci + Rfc2)-Det(R,i)-Det(Rfc2))(z/fc) + 5^Det(%)D,-D,- 

k j 

Note that the value of the first summand is defined only at Uk but the 
function Det(R^) is defined on the whole divisor Dj and is constant on it. 

5.1 Proof of [rTT1 (2) and [mi S) in the case of (1, 1) 
singularities 

Consider a PK surface S with the weighted arrangement (Fj, j3j \ Xj, a,) such 
that all multiple points of the arrangement are either normal crossings or 
singularities of type (1, 1). Let Sh be the blow-up of 5* at the points Xi and 
let TT : 5*6 ^ S* bej;he blow-down. Denote by Pi the exceptional curve over 
Xi and denote by Tj the proper transform of Tj. Consider the pull-back V 
of the PK connection V to ti*{TS). By Lemma [4.111 V is logarithmic with 
poles at the divisor Ui-^iUj^j (further we call this divisor by D), and the 
residue of V at Pi is equal to (aj — l)Id. 

Lemma 5.1 

TT* - l)r, = 2(a, - 1)P, + - l)f , 

j i j 

Proof. 

j j i 

= ^(/3,-l)r, + ^2(a,-l)P, 
the second equality follows from 11.91 

□ 

Proof of[lIIl](2) 

Using first Theorem [Oh] and then Lemma [5. II we obtain: 

ci{ti*Ks) = -ci{7T*TS) = J2 Tr(ReSp^V) ■P^ + J2 Tr(Resp^ V) ■ fj = 
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i j j 

It follows that Ks = 'ZjiPj 

□ 

Proof of fTTTTl fs;) 

According to Theorem [Oh] the number C2{'n'*TS) can be expressed as 
the sum of the contributions of the irreducible components of D and the sum 
over their pairwise intersections. The first sum is the following: 

Det(Resp.V)Pi -Pi + Yl Det(ReSp^ V)?^ ■fj = - ^(a^ - 1)^ 

i j i 

Here we use Det(ReSp V) = 0. 

The sum of the contributions of the double points on Pi is the following: 

3 

Any intersection of Vj with contributes {13 j — l){[3k — 1) thus the sum 
over all intersections of curves Tj is given by 

j>k 

Finally, taking the sum of all contribution we obtain 

c,{TS) = C2{7i*{TS)) = J2{a, - 1)2 + J2B,k{Pj - l){Pk ~ 1) 

i j>k 

□ 

5.2 Proof of [ril](l) 

Lemma 5.2 For any j ^ k we have 

Tj -Tk = Bjk + Y{Piqi){dijdik) (9) 
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Proof. This formula expresses the intersection index of Tj and as 
a sum of local multiplicities of their intersections. By definition Bji^ is the 
number of transversal intersections of Tj and r^. The local multiplicity of 
the intersection of Tj and Tk at Xi equals {piqi){dijdik). Indeed, the local 
multiplicity of the intersection of the curves cz'^ = and z'^ = at 
equals pg if 1 7^ c 7^ 0; the local multiplicities of intersection of z"^ = w'^ with 
lines z = and w = are equal to p and q correspondingly. Now everything 
follows from the definition of dj and d^. 



Proof of fTTTl fi;) 

The Gauss-Bonnet theorem for fiat surfaces with conical singularities im- 
plies 



This formula expresses the Euler characteristics of Tj as the sum of the 
defects of the conical points of Tj. The first sum contains the contribution 
of the normal crossings of Tj and the second sum contains the contribution 
of the singularities Xj. 

Now, using Theorem 11.91 we obtain the following expression for the right 
term of the previous equation: 



□ 



2g{Tj) -2 = J2 Bjk{f3k - 1) + ^{dijUi - 4) 




k^j i \ k 

using Lemma 15.21 




Pi + g» 
2 






using relation 11.11( 2) 




This proves [LTTl fl). 



□ 
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5.3 Line arrangements in CP^ 



In this subsection we consider weighted arrangements of hnes on CP^ that 
satisfy Equations II .11( 1)- (3). Let (Li, L^, be such an arrangement. 

Any singularity of this arrangement is either a normal crossing or a (1, l)-type 
singularity. So Equations 11.11( 1) and I1.11T 2) simplify and take the form: 



Here by definition the number Bij (i ^ j) is equal to 1 if the point of the 
intersection of Li and Lj is a double point (i.e., other lines of the arrangement 
don't contain it) and Bij = otherwise. The number {Bjj + 1) is equal to 
the number of points of multiplicity at least 3 on the line Lj. 

Symmetric case. Consider the most symmetric case when all angles f3j 
are equal. Then we have 



The number Bj^. + 1 is equal to the number of all intersections of Lj 
with other lines. Thus we obtain the following condition: 

The arrangement contains 3m lines and any line intersects the other lines 
exactly at m + 1 points. 

One can show that such arrangements satisfy as well Equation 11.11( 3). 
These arrangements were considered first by Hirzebruch in [Hir] and we recall 
several examples. 

1) 3 lines. A generic configuration of 3 lines on CP^. 

2) 6 lines. The configuration of 6 lines x — y = 0, a;±z = 0, ?/±z = 



3) 3(m + 1) lines, m> 1. Consider the ramified covering of CP^ by itself 
given hj {x : y : z) ^ (a;™ : : z"*). The preimage of the configuration of 6 
lines is an arrangement of 3(m+ 1) lines and any line has m + 2 intersections 
with the other lines. 

4) Hesse arrangement. Consider a nonsingular cubic in CP^. It has 9 
points of inflections. There exist 12 lines in CP^ that intersect the cubic 
exactly at the points of inflections. 

Criterium. There exists one geometric condition that often permits to 
decide quickly that a given line arrangement is not PK. 



J2 BjkiPk - 1) = -1, J] (A - 1) = -3 



k k 




k 



z = 0. 
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Proposition 5.3 Every PK arrangement {Lj, f3j) in CP^ satisfy the follow- 
ing criterium. For every Lj the exist a point in CP^ that belongs to all lines 
Lk such that Lk fl Lj is a double point of the arrangement. 

Proof. Consider the sub-bundle of TCP^I^ of directions orthogonal to 
Lj with respect to PK metric (these directions are eigenvectors of the residue 
map ResL V). This sub-bundle is holomorphic outside of the multiple points 
of the arrangement and it extends holomorphically on the whole line Lj. 
Indeed, at double points the PK metric is a direct product of two 1-cones, 
and at every point of multiplicity more than 2 the eigenvectors of Rcsl V are 
constant in the local linear coordinates (Proposition 14.71) . The defined sub- 
bundle of TCP^Il^ is transversal to Lj and so it has degree 1. It follows that 
there exists a point pj in CP^ such that this sub-bundle of TCP^|l^. is given 
by directions tangent to the lines through yj. This proves the proposition. 

□ 

5.4 Limit PK arrangements with a cusp 

Definition 5.4 An arrangement of lines on MP^ is called simplicial if it 
subdivides MP^ in triangles. 

Simplicial arrangements often occur as solutions to some extreme (combi- 
natorial) problems [G2] and so it is not very surprising that some of simplicial 
arrangements are PK {PK arrangement give extremum for the Bogomolov- 
Gieseker Inequality ([5]) Theorem I1.12p . For the moment 3 infinite family of 
simplicial arrangements and 91 sporadic examples are know; 90 sporadic ex- 
amples are listed in [Gl] and one additional in [G2]. It will be interesting to 
find out what sporadic arrangements are PK, the criterium from Proposition 
15.31 rules out some of them. 

For three infinite series of arrangements from [Gl] there exists a system 
of weights such that all equalities of Theorems 11.111 and 11.121 are satisfied. 
The first series is a union of a pencil of n lines and a line that does not 
belong to the pencil. For this series the weight of the line should be and 
the weights of the lines from the pencil can be arbitrary (but we impose of 
course '^jiPj — 1) = —3). Second series is called R2k and consists of the lines 
formed by extending the sides of a regular fc-gon together with an additional 
k lines formed be the axes of symmetry of the fc-gon. We associate to the 
axes weight and to the sides weight (the choice of wights is unique 
for k > 3). The third series ^4^+1 is the union of with the line at infinity 
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of weight 1. We see that for the point of the highest multiphcity of these 
arrangements the inequahty dijiPj — 1) > — 2 does not hold strictly but 
instead of this the equality holds. So these arrangements are not PK. We 
conjecture instead that there is a different geometric structure related to 
these arrangements. 

Definition 5.5 A weighted arrangement {Lj,i3j) in CP^ is called a limit 
PK arrangement with a cusp if it satisfies all conditions of Theorem 11.121 
apart from one inequality. We impose that there is a multiple point x of the 
arrangement called the cusp such that J2j\xeLjil^j ~ ^) — ^2. 

Arrangements R2k satisfy this definition, Rik+i and a pencil of lines plus a 
line formally don't satisfy (because the first arrangement has a line of weight 
1 and the second has a line of weight 0). But the following should hold for 
all 3 series. 

Conjecture 5.6 For every limit PK arrangement with a cusp there exists 
a fiat torsion-free connection on CP^ with holonomy in the upper triangular 
subgroup of SL{2,<C) and with the poles of residues (0,/3j — 1) at the lines 
Lj. This connection should preserve the sub-line bundle of TCP^ tangent to 
the pencil of lines through the cusp of the arrangement. 

For a pencil of lines plus a line the connection on CP^ should be given 
by a formula from Proposition 14.101 Here CP^ is the completion of C^, the 
line at infinity belongs to the arrangement and has weight /3 = 0. 

If Conjecture 15.61 holds it should be possible to deduce that limit PK 
arrangements with a cusp satisfy the following restrictive properties. 

Conjectural properties. For every multiple point y of the arrangement 
the line [x, y] belongs to the arrangement (here x is the cusp). If mult{y) > 3 
then sum of the defects of the lines Lj that contain y but don't contain x 
equals the defect of the line [x, y]. 

It will be very interesting to classify all weighted arrangements that satisfy 
the two conjectural properties (they hold for and ^4^+1). This will help 
to classify non-rigid PK arrangements for which the admissible collection of 
weights j3j have moduli. Of course the weights Pj belong to a certain open 
polyhedron and the weights corresponding to limit PK arrangements can 
appear on the boundary of the polyhedron. 
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6 Parabolic bundles and Kobayashi-Hitchin 
correspondence 

The goal of this section is to recall the notion of parabolic bundles and to 
formulate in a handy way several results from [M2] that we use in the proof of 
Theorem II ■12[ In particular we formulate the parabolic version of Kobayashi- 
Hitchin correspondence from [M2]. A systematic and thorough treatment of 
parabolic bundles can be found in [IS]. Parabolic Chern character is also 
defined in [IS] (but we will not use it here). We adopt partially the notations 
of these articles. 

We will discuss only parabolic bundles on complex surfaces. A good 
reference for usual two-dimensional bundles on surfaces is [F]. 

Definition 6.1 Let X be a complex surface and D be a simple normal cross- 
ing divisor with the irreducible decomposition D = [J-^gDi. A parabolic 
bundle on X is given by a bundle E with a collection of increasing fil- 
trations by sub-sheaves F*, indexed by i G S, a g]0, 1] and satisfying the 
following properties: 

1) Every sub-sheaf is locally free. 

2) E{-Di) C Fi[S) for any a e]0, 1]. 

3) The sets {a|F^(E)/F^^(E) ^ 0} are finite for any i in S. 

Remark 6.2 A parabolic bundle E^ on a complex surface X with a simple 
normal crossing divisor D induces natural filtrations on the restrictions -EIdj 
by their vector sub-bundles. These filtrations are indexed by a g]0, 1] and 
defined by the formula: 



Parabolic structure can be reconstructed from these filtrations (see [IS]). 

Definition 6.3 The parabolic first Chern class of a parabolic bundle E^, is 
given by the following formula: 



par-chi(E,) = chi(E) - 5^ 5^ a, ■ rank^,(F;/F^,J ■ [A] (10) 



Let L be an ample line bundle on S. Then the parabolic degree of E^ with 
respect to L is given by 



F:/E{-D) C E\r>^ 




(11) 
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The parabolic second Chern chciracteristic number. 

Let {S,D) be a complex surface with a normal crossing divisor D = 
U"=i-Di. Let be a parabolic vector bundle. We will recall now the formula 
for the parabolic second character of given by Mochizuki in [M2]. His 
formula works in much larger generality but we need only the case of surfaces. 

The parabolic second Chern character of is given as a sum of C2{E), 
the contributions of the divisors Di, and the points of their intersections 
Di n Dj. 

To define the contributions of the points in D^nDj, for every a^, aj e]0, 1], 
consider the skyscraper sheaf Gr^^ ^^-^ 

This sheaf is supported at the points in DiHDj, and it is non-trivial only 
for finite set of (oj, aj). Consider the following sum 

pGDinDj;ai,aj 

Definition 6.4 The second parabolic Chern character of the parabolic bun- 
dle E^ is given by the formula 

par-ch2(E,) = ch2(E) - J^a, • Ci(F;/F^„J+ 

i;ai 

+ J2 ^«^ank^,(^;/^<aj ■ [A ■D.]+J2 ^(^'^■) 

i;ai i,j 

Stable bundles and Bogomolov-Gieseker inequality. 

Here again we consider a surface S with a parabolic bundle E^. For any 

sub-sheaf V of E the filtration on E induces a structure of a parabolic sheaf 
on V. Recall that a sub-sheaf of £^ is called saturated is the quotient E/V 
is torsion- free. 

Definition 6.5 Let L be an ample bundle on S. The bundle E^, is called 
/iL-stable (or slope stable) if for every saturated sub-sheaf V of E it holds 

pardegiy^ < pardeg^E^ 
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Remcirk 6.6 When E is a rank 2 bundle in order to check its stabihty it 

is sufficient to consider only saturated locally free rank one sub-sheaves of E. 
Following [F] we call such sub-sheaves of E sub-line bundles. 

The following inequality (called Bogomolov-Gieseker inequality) is proven 
in [M2] and was also proven in different terms in [Li]. 

Theorem 6.7 Let E^ be a HL-stable parabolic bundle on the surface S. Then 
following inequality holds: 

par-ch2(-B*) - ^par-chi(£;*) < (12) 

Definition 6.8 Let {X, D, E^) be a complex surface with a simple normal 
crossing divisor D with a parabolic bundle and let V be a unitary flat 
logarithmic connection on E with poles at D. We say that V is compatible 
with E^ if the following conditions hold. 

1) For every i and a g]0, 1] the sub-bundle F^/ E{—Di) of E\d. is preserved 
by the residue map ResDi(V)- 

2) The eigenvalue of ResOi^V) on the bundle F^/ F^^ equals —a (recall 
that this bundle is non-trivial only for finite number of values of a) . 

3) The connection induced by V on Fl[X \ Dj) extends to a logarithmic 
connection on F^(X). 

Finally we can formulate the version of parabolic Kobayashi-Hitchin cor- 
respondence that we use later. 

Theorem 6.9 Let (X, E^,) be a complex surface with a simple normal 
crossing divisor D and a parabolic bundle E^. Suppose that E^ is fi^-stable, 
has zero parabolic degree, and has zero second parabolic Chern number. Then 
there exists a flat unitary logarithmic connection on E compatible with E^ . 

This statement can be deduced from [M2] (see also [Li]) and [Ml]. We 
explain this very briefly skipping all details. In [M2] Mochizuki works with 
parabolic Higgs bundles and proves Kobayashi-Hitchin correspondence for 
stable Higgs bundles with vanishing ffist and second Chern characters. The 
case that we are interested in is the particular case when the Higgs field is 
zero. So by [M2] there exists a unitary flat metric on E{X \ D) adapted 
to the parabohc structure. It follows further from [Ml] that the flat unitary 
connection corresponding to the flat metric constructed on E{X\D) extends 
to a logarithmic connection on E and moreover this connection is compatible 
with the parabolic structure E^. 
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7 Theorem of existence 

In this section we prove Theorem 11.121 



7.1 A description of the proof 

Let {Lj,Pj) be a weighted arrangement of hnes in CP^. Recall that by Xi 
we denote the multiple points of the arrangement of multiplicity at least 3; 
dij = 1 if Xj belongs to Lj and dij = otherwise. Suppose that {Lj,Pj) 
satisfies the three conditions of Theorem 11.121 

To prove Theorem 11.121 we make the blow up tt : 5* ^ CP^ of CP^ 
at the points Xi and consider on S the pull back E of the tangent bundle 
E = 7r*TCP^. Using the weights Pj we define a parabolic structure on 
E. We get a parabolic bundle E^ with zero parabolic first Chern class and 
prove that P* is stable for a certain polarisation. Inequality ([5]) is just the 
Bogomolov-Gieseker inequality (Theorem 16. 7p . 

In the case when the second parabolic Chern class of E^, equals using 
Theorem 16.91 we prove that there exists a logarithmic flat unitary connection 
on TCP^ and combining this with results of Section 4 we conclude the proof 
of Theorem [LH 

7.2 The parabohc bundle on the blown up CP^ 

Let {Lj,(3j) be an arrangement of lines in CP^, satisfying the inequalities 
(jlj) . In this subsection we construct the parabolic structure on a 2-bundle on 
the blowup of CP^ and we calculate its parabolic Chern character. Let us 
flx some notations. 
Notations. 

Denote by S the blow up of CP^ at the points xi, ...,Xk of multiplicity at 
least 3 and let vr : 5 ^ CP^ be the corresponding projection map; 
Denote by E the puUback bundle n*TCP'^] 
For j G {1, ...,n} denote by Dj the proper transform of Lj] 
For j G {n + 1, ...,n + k} denote by Dj the exceptional line Pj-n', 

The parabolic structure on the bundle {S,E). 
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For any j G {1, ...,n} the restriction of E to Dj contains a distinguished 
rank 1 sub-bundle - the puUback TT*TLj of the tangent bundle of Lj. Denote 
by Ej the subsheaf of E, generated by the sections that are contained in 
7r*TLj, being restricted to Dj. This subsheaf fits into the following exact 
sequence: 

^ Ej ^ E ^ E\DjT^*TLj 
Now for 1 < j < 72 we put 

Fl = E\ for < a < 1 - I3j, F^ = E for I - I3j < a < 1 

And for < i < 

pn+i ^ E{-Dn+i), for < a < 1 - ai, = E for 1 - < a < 1 

Proposition 7.1 The first and second parabolic Chern characters of {E^) 
are given by the following formulas: 

n k 

par-chi(E,) = ch,{E) - ^(1 - f3,)D, - 2^(1 - ai)Dn+i (13) 

j=i i=i 



paT-ch,{E^) = - - ^(1 - (3^) - 5^ -(1 - + 5^(1 - (14) 

j=l j=l i=l 

Proof. The calculation of par-chi(E*) is a straight-forward application 
of Definition 16.31 For j G {l,...,n} the quotient sheaf Fl/F^^a has rank 1 
for a = 1 — (3j and is trivial otherwise. For j G {n + 1, n + k} the sheaf 
Fi/F^a has rank 2 for a = 1 — aj and is trivial otherwise. 

In order to calculate par-ch2(E*) we need the following lemma. 

Lemma 7.2 1) For 1 < ji < j2 <n we have i^(ji, J2) = 0. 

2) For 1 < ii < 12 < k we have z/(n + ii, n + 22) =0. 

3) For 1 < j < n, 1 < i < k we have z/(j, n + i) = dij{l — (3j){l — aj). 

Proof. 

1) The sheaf Gr^. ^ ^ can be nontrivial only when a^^ = 1 — and = 
1 — /3j^. But in this case by construction the sheaf is equal to E /{Ej^ U Ej^). 
At the same time Ej^ U Ej.^ = E. 
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2) Grf „ N is trivial because -D„ + j, fl -D„ + j„ = 0. 

3) The sheaf Grf „ is nontrivial only when a,- = 1 — Z?,, a„+i = l — ai. 
In this case it is equal to E/ {E{—Dn+i) U Ej). It is supported at the points 
Dj n Dn+i and has rank 1 at each point. 

□ 

Calculation of par-ch2(E^,). According to Definition (16.41) we have: 

3 " 

par-ch2iE.) = --J2il-P,) 
i=i 

n. ^ k k,n 

j=l i=l i=l,j=l 

Here we use the following facts: 

1) For J e (1, we have Ci{E/Ej) = 1, [D^ ■ Dj] = 

2) For i G (1, k) we have is trivial, [-D„+j ■ -Dn+i] = — 1- 
Finally, by Theorem 11.91 (use p = q = 1) the last term is equal to 

2 Yli=ii^ ~ <^«)^- This concludes the proof. 

□ 



7.3 Theorem on stability and additional lemmas 

In this subsection we prove that the parabolic bundle E^, constructed above 
is stable with respect to an appropriate polarisation on S. Take G Z+, 

N > max{ — : , — : -— , — I 

rmriiai rmrij ^[pj + pk) 1 — maxjpj 

and define the following line bundle: 



k 



LN = Os{-Y,P^)®P*0{N) 



i=l 



Note, that Ln is ample since N > k. 

Theorem 7.3 The parabolic bundle {E^, S) is ^Lj^stable. 

Let us first give a plan of the proof. The parabolic degree of E^ is zero, so 
we need to show that the parabolic degree of any saturated sub-line bundle V 
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of E is negative. Every line bundle on S is of the form Os(^^ diPi)<Sin*0{d). 
For sub-line bundles of E we have d < 1 and the constant is chosen in such 
a way that the degree of V G E can be positive only for d > 0. Since the 
parabolic weights are in [0, 1], pardegV^ < degV, so we only need to consider 
hne sub- bundles of E with d—1, 0. In the case d—1 the pushdown n^V is 
contained in a sub-hne bundle of TCP^ generated by sections tangent to a 
pencil of lines. We prove that pardegiV^) is negative comparing the degree 
of V with the parabolic contribution, coming from the behavior of the pencil 
of lines with respect to the line arrangement on CP^. 

Let us introduce some notations. For a point x in CP^ denote by 
the sub-hne bundle of TCP'^ generated by the sections tangent to the pencil 
of lines containing x. For a section v of TCP^ with isolated zeros denote 
by the sub-line bundle of TCP^ generated by v. The following lemma is 
standard, we omit the proof. 

Lemma 7.4 Sub-line bundles of TCP^ have degree at most 1. Every sat- 
urated sub-line bundle of TCP^ of degree 1 equals for some x. Every 
saturated sub-line bundle ofTCP^ of degree equals for some v. 

Lemma 7.5 Let L = Os{Yl^=i d-iPi) <^7i*{0{d)) be a saturated sub-line bun- 
dle of E. Then d < 1. Suppose d = 1 or d = 0. 

1) If d=l then 7r*(V) C for some x G CP^. 

2) If d = then n^{V) C for some vector filed v with isolated zeros. 

3) Tr*{V) coincides with or L„ outside of the set {xi, ...,Xk}. 

Proof. Consider {n^Vy^ , this is saturated sub-line bundle of TCP^. 
Its degree equals to d, so d < 1. In the case d = 1 by the previous lemma 
{n^Vy^ is Lx of some x, if d = it is L„ for some v. The sheaf 7r^,V is a 
subsheaf of (vr^y)^^ and it differs from it only at points Xi for which di < 0. 

□ 

Lemma 7.6 Let V = Os{Yli=idiPi) <H) n*{0{d)) be a sub-line bundle of E. 
Then for any i we have di <2 — d. In particular we have an upper bound on 
degree ofV: 

dcgL^iV) = c,{V) ■ c^{Ln) < (2 - d)k + Nd (15) 

Proof. Let us prove that for any i it holds di < 2 — d. For any line P in 
CP2 we have TCP^ ~ 0(1) © 0(2). Take a line P that contains a point Xi 
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and doesn't contain any point Xj for j ^ i. Let P' be the proper transform 
of P. Then again E^p, ~ 0(1) © 0(2). Since Homog(V,E) ^ 0, there is a 
hne P through Xi for which HoniOp, (l^p', -E|p') 7^ 0. At the same time, by 
definition of V 

V^p, = 0{dTc*H + diPi)\p. = 0{d + di) 

it follows 

{d + di)<2 

Now we conclude the proof 

degi^^{0s{J2 '^iPi + dT^^H)) = ^di + Nd < (2 - d)k + Nd 

i i 

□ 

Lemma 7.7 Let {Lj,Pj) be a weighted line arrangement satisfying the con- 
ditions of Theorem M.lB. 

1 ) For any point x in CP^ the following inequality holds: 

E (1-/5.) > 1 + 1 (16) 

j\xiLj 

2) A holomorphic vector field v with isolated zeros can be tangent to at 
most 3 lines of the arrangement. 

Proof. 1) It is clear that the sum attains its maximum for a point that 
is a multiple point of the arrangement. Since ^^(1 — Pj) = 3, for a double 
point of the arrangement the sum in f|T6|) is at least 1 + miUj^kiPj + Pk)- For 
a point Xi of multiplicity more than 2 we have: 

E (1 - /3,) = 3 - E d,,{l - (3j) = 3 - 2(1 - a,) > 1 + 2min,(a,) 

j\x^Lj j 

2) This is standard, the field v must have 3 zeros and it must be tangent 
to the lines that join these zeros. 

□ 
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7.4 Proof of stability 



Proof of Theorem 17.31 

By 17.51 and 17.61 any sub-hne bundle \^ of is of the form Os{Yl!i=i d-iPi) ® 
7r*(0((i)) with d < 1, and degLj^iV) < if d < 0. Since in our situa- 
tion the parabolic weights are contained in ]0, 1], we have an inequality 
pardegij^iy^) < degij^iV). So it is necessary only to consider the cases 
when d = 1 and d = 0. 

To calculate the parabolic first Chern class parc/ii(K) we need to find 
for every j G {1, ...,n + k} and a g]0, 1] the rank of the following quotient 
sheaf supported on Dj: 

{vnFi^)/{ynFi,^) 

Consider the case d = 1. Then according to Lemma 17.51 there exists 
X G CP^ such that 7r^(\^) C L^. 

In the case j G {1, ...,n} there are two possibilities. 

If X G Lj then V C F^. for all < < 1 so the corresponding quotient 
sheaf is always trivial. If x ^ Lj then the quotient sheaf is non-trivial for 
Oj = 1 — j3j and has rank one (this follows from 17.51) . 

In the case j G {n + 1, n -|- A;} the quotient sheaf is nontrivial for 
ttj = 1 — aj-n and has rank 1. This gives us the formula: 

n 

parch^{V,) = chi{V) - (1 - (3,)D, - J](l - ai)Dn+i 

j\x(Lj i=l 

We have the following sequence of inequalities 

n 

pardegij^iV^) = degLj^{V) - Ci{Ln) ■ ( ^ (1 - Pj)Dj + ^(1 - < 

using Inequality ffT^ and the equality 2(1 — ctj) = -D„+j • J2ji^ '~ (^j)^j 
<N + k-N (l-/9,) + 5^2(l-a,)-$^(l-a.) < 

using < tti < 1 and Inequality ([T6|) 

2k 

<N + 2k-N{l + —) = 
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The case (i = is analogous. By Lemma 17.51 there exists a vector-field v 
with isolated zeros such that T^^iV) C L^. The arrangement contains more 
than 3 lines so there is at least one line that is not tangent to v. Making the 
same calculation in the case d = 1 and using N > — „ we get 

pardegLt^iV^) < 2k - N{1 - maxj{(3j)) + ^(1 - aj) < 

i 

□ 

Example. Consider the arrangement of 6 lines that pass through 4 
generic points xi, X4. For every [3 g]0, 1[ we can associate the weight /3 to 
the lines XiXi and 1 — /3 to the lines XiXj, i,j > 1. We get a stable parabolic 
bundle on CP^ blown up at Xi, X4. When /3 tends to the parabohc degree 
of the sheaf corresponding to L^^ tends to zero and as a result for /? = we 
don't get a PK metric on CP^. 

7.5 Proof of Theorem 11.121 and an application of the 
Bogomolov Gieseker inequaUty 

Proof of Theorem 11.121 Let us sum up what we have done. We started 
with a weighted arrangement [Lj, (3j) that satisfies the conditions of Theorem 
11.121 We introduced a structure of parabolic bundle -E* on the puUback E 
of the tangent bundle TCP"^ to the blow up of CP^ at the multiple points 
of the arrangement. We proved that E^, is stable (Theorem 17.31) and has 
zero first parabolic Chern class (Proposition 17. ip . So inequality follows 
from the calculation of second parabolic Chern number (Proposition 17. ip and 
Bogomolov-Gieseker inequality (Theorem 16.70 . This proves the first part of 
the theorem. 

If the equality is attained in ([5]) then the second parabolic Chern number 
of -E* vanishes, so we can use parabolic Kobayashi-Hitchin correspondence 
(Theorem 16. 9p . Namely, there exists a unitary fiat logarithmic connection on 
E compatible with the parabolic structure of E^. By Corollary 14.61 the con- 
structed connection is torsion- free. Finally, using Theorem 14 . 1 3 1 we conclude 
that the corresponding fiat connection on TCP^ defines a PK metric. 

□ 

Let us give one corollary of Theorem 11.121 For a multiple point Xi of a 
line arrangement Li, ...,L]\f denote by /Xj the number of lines through Xj. 
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Corollary 7.8 Suppose that the multiplicity of every point of the arrange- 
ment {Li, ...,L]\f) is less than Then the following inequality holds: 

i 

In the case of equality N is divisible by 3, every line intersects over lines in 
y + 1 points and there exists a PK metric on CP^ with conical angles 27i^^^ 
at the lines Lj. 

Note that for a generic arrangement the total multiplicity is A^(A^ — 1) 
while for the most degenerate arrangement it is A^. 
Proof. We have the following equality: 

= {J2 L,f = N + J2L,-Lk = N + J2 - 1) 

j j^k i 

J2^^^ = N'-N + J2^^^ (17) 

i i 

Associate to each weig ht pj = then the arrangement satisfies the 

conditions of Theorem 17.31 Since all weights are equal we can treat double 
points of the arrangements as points of type (1, 1) and we get the following 
equalities: 

j i 

Applying the Bogomolov-Gieseker inequality to the corresponding stable 
parabolic bundle and using (fT7I) we get: 

> par-ch,(E,) = = 

9 /"f - 18 /^i + 18iV - 6Ar2 3^2 + gjy _ 9 ^ . ^. 



4iV2 4Ar2 

□ 

This inequality was proven previously in [La] using different methods. We 
finish with the following remark. 
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Lemma 7.9 For line arrangements that satisfy condition of Theorem 

the system of equations (Jl) from Theorem \l.ll\ is a corollary of the Bogomolov- 

Gieseker inequality. 

Proof. Let {Lj,(3j) be an arrangement satisfying conditions of 11.121 For 
a small deformation (3j of (3j the deformed parabolic bundle E'^ (defined in the 
same way as but using the weights /3j instead Pj) is stable and satisfies 
the Bogomolov-Gieseker inequality. The inequality is quadratic in Pj and 
it attains its maxima (zero) for the initial data. So its derivatives in all 
directions vanish. This produces a system of linear equations on jSj. We 
will show that this system is equivalent to the system of equations from 
Theorem 11.111 Consider the following derivative: 

d (9 1 

-par-ch2(-E'*) — — — -par-ch^(E*) 



If we restrict this expression to the plane ~ 1) = the second term 

vanishes. The first term is given by Equation fll4p 

d 

-(par-ch2 (£;*)) = 1 + (1 - pj)Bjj - ^rfi,(l - ai) = 



dp, 

using Y^jiPj - 1) = -3 and 1 - ai = \ Y.j - Pj) 

1 + (1 - - ^(3 - 5^ 5,fc(l - + {B,, + 1)(1 - /?,))) 



2 



□ 



8 Further results, questions, and directions 

In a subsequent paper we will use Theorem 11.121 to construct several infinite 
families of aspherical complex surfaces. Some of these families of surfaces 
admit a metric of type Cy4T(0). In particular some smooth compact quo- 
tients of the complex ball admit a PK metric of type Cy4T(0), this answers 
a question of Gromov and Davis. 
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For every PK surface its PK metric induces a positive (1, 1) current on 
it, so it should not be difficult to prove that every PK surface is a Kahler 
surface (in principle, one should be able to smoothen a bit the PK metric to 
get a smooth Kahler metric on the surface). It should be possible to show 
that non-algebraic K3 surfaces don't admit a PK metric, but we don't know 
any obstruction for the existence of PK metrics on algebraic surfaces. At the 
same time the set of examples of PK surfaces that we have is rather limited. 

We hope that Theorem 11.51 extends to higher dimensions. Namely, that 
for a polyhedral Kahler manifold of any dimension the complex structure 
on the complement of the metric singularities extends to a complex analytic 
structure on the whole manifold. In particular the metric singularities should 
not have odd (real) codimension and all singularities of even codimension 
should have holomorphic directions. Note that in higher dimensions we can 
obtain complex manifolds with singularities even if we start with a topological 
polyhedral Kahler manifold (i.e. the link of every point is a topological 
sphere). Indeed, by Brieskorn the link of the hypersurfaces zf + Z2 + + 
z\ + zf-^ = 0, 1 < A; < 28 in is 5^ with one of 28 smooth structures. At 
the same time these hypersurfaces have a PK metric, induced by an obvious 
degree 24(6A; — 1) ramified cover of the hyperplane ^^-Zj = 0. 

The notion of polyhedral Kahler manifolds can be generalised in several 
directions. A 'polyhedral affine structure on a manifold is a choice of a simpli- 
cial decomposition and an affine structure on the complement of codimension 
2 faces that restricts to the standard affine structure on the interior of every 
face of the top dimension. We say that a manifold M^"' is polyhedral complex 
affine if the holonomy is contained in GL{n, C) and singular faces of codi- 
mension 2 at which the holonomy is trivial have holomorphic directions (c/ 
Definition II. ip . For complex dimension 2 we expect to get a theory similar 
to the one developed in this article. It should be possible to classify the 
singularities of complex codimension 2 but the list will be longer. 

If the holonomy of a polyhedral affine manifold is contained in the sym- 
plectic group SP{2n) we call the manifold polyhedral nearly symplectic. It is 
not hard to see that every symplectic manifold admits a polyhedral nearly 
symplectic structure. But the converse should be wrong already for 4- 
manifolds, so we adjust the definition. 

Definition 8.1 Let be a polyhedral nearly symplectic manifold and let 
Mf{e) be a neighborhood of the union of all edges. The PL symplectic 
structure on M'^ \ Mf{e) can be smoothen along the faces of codimension 2 
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to a genuine symplectic form w. Let Ci be the first Chern class of an almost 
complex structure tamed by w on Mf{e). We call polyhedral symplectic 
if for every surface S contained in Ml{2e) \ Ml{e) we have ci ■ 5 = 0. 

It is not hard to prove that every symplectic 4-manifold admits a poly- 
hedral symplectic structure. More importantly, we conjecture that every 
polyhedral symplectic 4-manifold admits a symplectic smoothing. 

Another interesting direction to generalise PK manifolds is to consider 
complex manifolds with Kahler metric of constant holomorphic curvature and 
conical singularities at holomorphic geodesic divisors. In the case of negative 
curvature these manifolds will be generalisations of complex hyperbolic orb- 
ifolds, i.e. quotients of the complex ball 5" by a lattice of SU{n, 1). These 
manifolds are presumably are the same as Thurston (CiJ", SU{n, 1)) - cone 
manifolds [Th] . In the case of surfaces it is sufficient to ask that singularities 
of the metric form a complex curve, at points that are not multiple there 
is a local isometric action of the group SU{1, 1) x S^, and at the multiple 
points there is an holomorphic isometric action of M}. It should be possible 
to generalise Theorem II. 121 to this setting using parabolic Kobayashi-Hitchin 
correspondence for parabolic Higgs bundles [M2] using an idea from [S]. It 
would be interesting to reprove (or even generalise) results of [CHL] using 
this approach. 

Finally we hope to prove the following conjecture. 

Conjecture 8.2 For every arrangement satisfying conditions of Theorem 
11.121 its complement is of the type K{7t, 1). 

The converse to this conjecture is wrong because Proposition 15.31 permits 
us to check that some simplicial arrangements are not PK. At the same 
time by a theorem of Deligne all (complexified) simplicial arrangement have 
a complement of the type K^n, 1). 



References 



[Bo] 



Borel et al. Algebraic Z)-modules. Perspectives in Mathe- 
matics, 2. (1987) 151-172. 



[BK] 



T. F. Banchoff, W. Kiihnel. The 9-vertex complex projec- 
tive plane. Math. Intelligencer. 5(1983), 11-22. 



52 



[Ch] J. Cheeger. A vanishing theorem for piecewise constant 

curvature spaces. Curvature and topology of Riemannian 
manifolds (Katata, 1985), 33-40, Lecture Notes in Math., 
1201, Springer, Berlin. (1986). 

[CHL] W. Couwenberg, G. Heckman, E. Looijenga. Geometric 

structures on the complement of a projective arrangement. 
Puhl. Math. IHES. 101 (2005), 69-161. 

[F] R. Friedman. Algebraic surfaces and holomorphic vector 

bundles. Springer (1998). 

[Gl] B. Griinbaum. Arrangements of hyperplanes. Proceed- 

ings of the second Louisisana conference on combinatorics 
graph theory and computings. 41-106 (1971). 

[G2] B. Griinbaum. Arrangements and spreads. Regional Conf. 

Series in Mathematics 10. Amer. Math Soc, (1972). 

[Hir] F. Hirzebruch. Algebraic surfaces with extreme Chern 

numbers. Russian Math. Surveys 40 (1985), 135-145. 

[IS] Jaya NN Iyer, C. Simpson. The Chern character of a 

parabolic bundle, and a parabolic Reznikov theorem in the 
case of finite order at infinity. arXiv: mat h . AG/06121 444 

[KTM] J. Kaneko, S. Tokungaga, M. Yoshida. Complex crystallo- 

graphic groups 2. J. Math. Soc. Japan. 34(1982), 595-605. 

[La] A. Langer. Logarithmic orbifold Euler numbers of surfaces 

with applications. Proc. London Math. Soc. (3) 86 (2003), 
no. 2, 358-396. 

[Li] Li Jiayu. Hermitian-Einstein metrics and Chern number 

inequalities on parabolic stable bundles over Kahler mani- 
folds. Communications in analysis and geometry. 8(2000), 
445-475 

[Ml] T. Mochizuki. Asymptotic behaviour of tame harmonic 

bundles and an application to pure twistor D-modules, 
part 1. Mem. Amer. Math. Soc. 185 (2007), no. 869, 
xii+324 pp 



53 



T. Mochizuki. Kobayashi-Hitchin correspondence for tame 
harmonic bundles and an application. Asterisque No. 309 
(2006) 

M. Ohtsuki. A residue formula for Chern classes associated 
with logarithmic connections. To/cyo J. Math. 5(1982) 13- 
21. 

S. Orshanskiy. A PL- manifold of nonnegative curvature 
homeomorphic to S'^ x 5*^ is a direct metric product. 
lirXiv:0807.1922 (2008). 

C. Simpson. Constructing variations of Hodge structure 
using Yang-Mills theory and application to uniformization. 
J. Amer. Math. Soc. 1 (1988), 867-918. 

W. P. Thurston. Shapes of polyhedra and triangulations of 
the sphere. Geometry and Topology Monographs 1, (1998) 
511-549. 

M. Troyanov. Les surfaces euclidiennes a singularites 
coniques. L'Enseign. Math. 32(1986), 79-94. 



54 



